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Heat engines (HEs) made of low dimensional structures offer promising applications in energy
harvesting due to their reduced phonon thermal conductance. Many efforts have been devoted to
the design of HEs made of quantum-dot (QD) superlattice nanowire (SLNW), but only SLNWs with
uniform energy levels in QDs were considered. Here we propose a HE made of SLNW with staircase-
like QD energy levels. It is demonstrated that the nonlinear Seebeck effect can lead to significant
electron transports for such a nanowire with staircase-like energy levels. The asymmetrical alignment
of energy levels of quantum dots embedded in nanowires can be controlled to allow resonant electron
transport under forward temperature bias, while they are in off- resonant regime under backward
bias. Under such a mechanism,the power output and efficiency of such a SLNW are better than
SLNWs with uniform QD energy levels. The SLNW HE has direction-dependent power output and
heat current. In addition, the HE has the functionality of a heat diode with impressive negative
differential thermal conductance under open circuit condition.
1. Introduction
Recently, many efforts were devoted to the studies of
the nonlinear thermoelectric properties of low dimen-
sion systems for the applications of energy harvesting.[1-
13] The figure of merit (ZT ) of quantum dots (QDs)
junction system may approach infinity (corresponding
to Carnot efficiency) in the weak coupling between QD
and electrodes when systems have a vanishingly small
phonon thermal conductance.[14] However, their electri-
cal power output is extremely weak due to very small
electron tunneling rates.[1,14] A remarkable thermoelec-
tric device needs not only a high efficiency but also sig-
nificant power output.[5,6] Therefore, how to design a
heat engine with near Carnot efficiency and optimized
power output is under hot pursuit.[7-13] QD superlattice
nanowires (SLNWs) offer high potential to realize sig-
nificantly reduced phonon thermal conductance.[15,16]
It is expected that the efficiency of SLNW heat engines
(HEs) is relatively high when compared with other low
dimensional systems. Nevertheless, theoretical studies of
SLNW HEs reported so far are based on the assumption
of uniform energy levels in QDs without considering the
effect of nonlinear Seebeck voltage resulting from tem-
perature bias.[5,8,17]
Most recently, Ref.[18]has pointed out that nonlinear
Seebeck voltage plays a remarkable role for heat diode
design by considering hetero-molecular junctions. There-
fore, we attempt to reveal the effect of Seebeck volt-
age on the power output and TE efficiency of SLNW
HEs. Furthermore, we also demonstrate that electron
heat diodes can be implemented by using nonlinear See-
beck voltage of a QD SLNW with staircase-like energy
levels. The design structure is shown in Fig. 1. Although
the staircase-like energy levels of QDs in a SLNW make
it difficult for the electron transport under a small tem-
perature bias, a suitable alignment of QD energy levels
can be designed to allow resonant electron transport un-
der large forward temperature bias, while the system is
in off-resonant regime under backward bias. This mech-
anism can give rise to a high efficiency and optimized
power output for SLNW HEs.
2. Theoretical method
To study the direction-dependent nonlinear thermo-
electric properties of QD SLNW connected to metallic
electrodes shown in Fig. 1(a), we start with the sys-
tem Hamiltonian given by an extended Anderson model
H = H0 +HQD[19,20], where
H0 =
∑
k,σ
ǫka
†
k,σak,σ +
∑
k,σ
ǫkb
†
k,σbk,σ (1)
+
∑
k,s
V Lk,Ld
†
L,sak,σ +
∑
k,s
V Rk,Rd
†
R,sbk,σ + c.c.
The first two terms of Eq. (1) are for free electrons in the
left and right electrodes. a†k,σ (b
†
k,σ) creates an electron
of momentum k and spin σ with energy ǫk in the left
(right) electrode. V Lk,L (V
R
k,R) describes the coupling be-
tween the leftmost (rightmost) QD in the SLNW and the
left (right) electrode. d†L(R),s (dL(R),s) creates (destroys)
an electron in the leftmost (rightmost) QD. s labels the
degenerate states in a QD level with orbital and spin
degeneracy.[21] Silicon has six equivalent valleys, each
having an ellipsoidal shape. In a SLNW with strong lat-
eral confinement along x and y directions, the energy of
electron states in two valleys elongated along the z axis
will be lifted up more than electronic states in the re-
maining four valleys. Thus, we consider the four-fold
valley degeneracy for each QD.
HQD =
∑
ℓ,s
Eℓnℓ,s +
∑
ℓ 6=j
tℓ,jd
†
ℓ,sdj,s + c.c (2)
2where Eℓ denotes the energy of the level of the ℓ-th QD,
and tℓ,j describes the electron hopping strength between
the ℓ-th QD and its nearest neighbor QD labeled by j.
For the SLNW depicted in Fig. 1(a), Eℓ depends on the
location of QD. Here, we assume the QD energy levels
have a staircase-like distribution as shown in Fig. 1(b)
in which EN = ER, and Eℓ = ER + (N − ℓ)∆E, where
∆E denotes the energy level separation. Such a variation
in QD levels can be engineered by considering suitable di-
ameter variation of QDs in the SLNW shown in Fig. 1(a),
which can be realized by the advanced etch and lithogra-
phy technique[15,17]. The electron Coulomb interactions
have been neglected in Eq. (2). The electron Coulomb
interactions are weak under the resonant tunneling con-
dition, since the electron wavefunction in SLNW be-
comes delocalized.Although intra and inter-dot electron
Coulomb interactions are strong in the off-resonant con-
dition, the effect of electron Coulomb interactions on the
electron transport becomes small when the electron pop-
ulation of each QD is small.[21]. This study is restricted
in this situation.
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FIG. 1: (a) Schematic illustration of heat engine made of
quantum dots embedded in a nanowire with length L con-
nected to metallic electrodes. (b) Energy diagram illustrating
a QD array with staircase-like alignment of energy levels con-
nected to metallic electrodes at TL = TR, where TL and TR
are the equilibrium temperature of left and right electrodes.
ΓL (ΓR) denote the tunneling rates for electrons from the left
(right) electrode entering the leftmost (rightmost) QD with
energy level EL (ER).
The electron current from electrode to the QD SLNW
can be derived by using the Meir-Wingreen formula.[20]
We have
J =
se
h¯
∫
dǫ
2π
TLR(ǫ)[fL(ǫ)− fR(ǫ)], (3)
where fα(ǫ) = 1/{exp[(ǫ − µα)/kBTα] + 1} denotes the
Fermi distribution function for the α-th electrode, where
µα and Tα are the chemical potential and the temper-
ature of the α electrode. e, h¯, and kB denote the elec-
tron charge, the Planck’s constant, and the Boltzmann
constant, respectively. TLR(ǫ) denotes the transmission
coefficient of QD SLNW connected to electrodes, which
can be derived by the equation of motion method.[22]
The expression of transmission coefficient is given by
TL,R(ǫ) = 4ΓL(ǫ)Γ
eff
R (ǫ)
ΓL(ǫ) + Γ
eff
R (ǫ)
(−Im(GrL(ǫ))), (4)
where the tunneling rate ΓL(R)(ǫ) =
2π
∑
k |Vk,L(R)|2δ(ǫ − ǫk). In the wide band limit
of electrodes, the energy-dependent ΓL(R)(ǫ) can be
neglected. The notation Im means taking the imaginary
part of the function that follows, and
GrL(ǫ) = 1/(ǫ− E1 + iΓL − Σ1,N ) (5)
is the one-particle retarded Green function of the leftmost
QD with the energy level of E1. The self energy Σ1,N (ǫ)
results from electron tunneling from the leftmost QD to
the right electrode mediated by N−1 QDs, which is given
by [17,22]
Σ1,N =
t21,2
ǫ− E2 − t
2
2,3
ǫ−E3−···−
t2
N−1,N
ǫ−EN+iΓR
,
(6)
where N denotes the total number of QDs. The right-
most QD is the Nth QD. The effective tunneling rate
ΓeffR (ǫ) = −Im(Σ1,N (ǫ)). For simplicity, we assume
tℓ,j = tc for all ℓ and j being the nearest neighbor of
ℓ, and ΓL = ΓR = Γ. Note that TLR(ǫ) of QD chain can
also be found in early work[23], where authors calculated
the Green’s function in terms of matrix form.
The heat current for electrons leaving from the left
(right) electrode is given by[22]
Qe,L(R) =
±s
h¯
∫
dǫ
2π
TLR(ǫ)(ǫ−µL(R))[fL(ǫ)−fR(ǫ)]. (7)
We note that Qe,L +Qe,R = −(µL − µR)J/e, which de-
scribes the Joule heating.
Because the phonon heat current (Qph) coexists with
the electron heat current, we should examine how Qph
will influence the efficiency of a SLNW HE. To include
Qph we adopted the following empirical formula given in
Ref.[24]
Qph(T ) =
Fs
h¯
∫
dω
2π
T (ω)ph(h¯2ω)[nL(ω)− nR(ω)], (8)
where ω and Tph(ω) are the phonon frequency and
throughput function, respectively. Tph(ω) depends on the
length (L), surface roughness width (δ) and diameter (D)
of silicon nanowires.[24] nL(R) = 1/(exp(h¯ω/kBTL(R)) −
1). In the linear response region, Qph = κph∆T , where
κph and ∆T are the phonon thermal conductance and
temperature difference between electrodes. In Ref.[24],
3theoretical κph illustrates the experimental κph of silicon
nanowires below 300K very well. Because authors have
not considered the phonon-phonon collisions in silicon
nanowires, Eq. (8) is not adequate to describe Qph in
high temperature region of T > 300K. A dimensionless
factor Fs is introduced to describe the reduction factor
for phonon transport due to scattering from QDs em-
bedded in a nanowire.[25] The value of Fs = 0.1 is used
throughout this article, which is determined according
to Ref.[25], in which the phonon thermal conductance of
silicon/germanium QD SLNWs is calculated. Due to the
low electron density considered here and weak electron
phonon interactions (EPI) in Si/Ge, the electron mean
free path (λ) of Si/Ge QD SLNWs is longer than 170 nm
at room temperature. The length of QD SLNW con-
sidered here is around 127 nm, which is smaller than λ
reported in Ref.[26]. Therefore, the neglect of EPIs is
justified.
To design a heat engine driven by a high temperature-
bias ∆T = TL−TR, the Seebeck voltage (eVth = µL−µR)
across the external load with conductance Gext = 1/Rext
needs to be calculated.[12] Meanwhile, the energy levels
Eℓ for all ℓ should be readjusted according to Vth. As
a consequence, TLR(ǫ) will depend on Vth. The elec-
tron heat current satisfies the condition Qe,L + Qe,R =
−JVth = Pgen, which denotes the work done by the heat
engine per unit time. The efficiency of heat engine is de-
fined as the power output divided by the power input.
The power input is the heat current out of the hot side
and the power output is the electrical power generated
Pgen. Thus, the direction-dependent efficiency of heat
engine is given by
ηα = −JVth/|Qe,α|. (9)
We define ∆T > 0 and ∆T < 0 as the forward tempera-
ture bias and backward temperature bias. When ∆T > 0
( ∆T < 0), the electron heat current is leaving from the
left (right) electrode, Qe,α in Eq. (9) denotes the Qe,L
(Qe,R) in Eq. (7).
3. Results and discussion
We consider an N = 25 SLNW with a staircase align-
ment of energy levels. Namely, we have EL = E1 =
ER + 24∆E, E2 = ER + 23∆E... and EN = ER. With
an induced Seebeck voltage, Vth, the energy levels Eℓ
are modified according to εℓ = Eℓ + ηℓeVth. In a sim-
ple approximation where the electric field is uniformly
distributed in spacer layers in the SLNW, the level mod-
ulation factor is expressed as ηℓ = −(ℓLs − L/2)/L with
µL(R) = EF ± eVth/2. The pair length (that of one QD
plus one spacer layer) adopted is Ls = 5 nm and the
length of SLNW is L = 127nm.[25] The Seebeck volt-
age can be evaluated by Eq. (3) under the condition of
GextVth+J(Vth,∆T ) = 0, which is the same as the exper-
imental configuration in Ref [12], where authors studied
the HE made of a single QD connected to electrodes.
Once Vth is obtained, the electron current J and elec-
tron heat current Qe,L(R) can be evaluated by Eq.(3)
and Eq. (7), respectively. The resulting output power,
Pgen and Vth as functions of temperature bias for various
values of ∆E at tc = ΓL = ΓR = 1Γ0, Gext = 0.04G0
and ER = EF + 4Γ0 are plotted in Fig. 2. G0 = e
2/h
denotes the quantum conductance and EF is the Fermi
energy of electrodes. All energy scales are in units of Γ0
throughout this article. The value of Γ0 depends on the
desired temperature range considered in the design. In
typical designs considered, Γ0 = 1meV
Figure 2(a) shows the asymmetrical behavior of out-
put power, Pgen. It is found that Pgen under backward
temperature bias (∆T < 0) is always smaller than that
under forward bias (∆T > 0). The asymmetry ratio,
Rasy = Pgen(1Γ0)/Pgen(−1Γ0) is found to be 1, 1.43, and
2.81 for ∆E = 0, 0.05 Γ0, and 0.1 Γ0, respectively. Such a
ratio is enhanced with increasing ∆T . To understand the
asymmetrical behavior of Pgen, it is important to exam-
ine the relation between Vth and ∆T . (See Fg. 2(b)) Non-
linear Seebeck coefficients (Vth/∆T ) are always negative,
indicating that electrons of the electrodes mainly diffuse
through energy levels aboveEF . The Seebeck voltage not
only changes chemical potentials of electrodes (µL(R) =
EF ± eVth/2), which counter balances the electron flow
from the hot side to the cold side, but also influences the
alignment of energy levels. With forward temperature
bias, the QD levels are tilted toward alignment, allowing
resonant tunneling of electrons from the left electrode to
the right electrode, while under reverse bias the QD lev-
els are further misaligned, leading to an off-resonance
condition. (See insets in Fig. 2(a)) In the limit of
∆T → 0, we have GextVth+ e2L0Vth+L1 ∆TeT = 0, where
Ln = sh
∫
dǫTLR(ǫ)(ǫ − EF )n 14kBT cosh2((ǫ−EF )/(2kBT ))
with s = 8 resulting from the four-fold valley degener-
acy and spin. Note that transmission coefficient TLR(ǫ)
in Ln is independent of Vth. The Seebeck voltage is then
given by Vth =
−L1∆T
(eT )(Gext+e2L0)
, which explains that Vth
and ∆T always have opposite signs, if ER > EF and
Pgen is proportional to ∆T
2. In the nonlinear response
region, TLR(ǫ) involves Vth, the relation between Vth and
∆T can be rather complicated.
Because Pgen(∆T > 0) is larger than Pgen(∆T < 0) in
Fig. 2(a), we further investigate the electron heat current
Qe,L and efficiency η as functions of forward temperature
bias in Fig. 3(a) and 3(b), respectively. Like Pgen, the
electron heat current Qe,L at ∆E = 0 is smaller than
that at ∆E = 0.1Γ0. In particular, the maximum effi-
ciency of HEs (ηmax) at ∆E = 0.1Γ0 is better than the
case of ∆E = 0. The ηmax = 0.75 for ∆E = 0.1Γ0 cor-
responds to ZT larger than fifteen according to η/ηc =
(
√
ZT + 1 − 1)/(√ZT + 1 + 1).[16] From the results of
Fig. 2(a) and Fig. 3(b), we have demonstrated that the
Pgen and η of SLNW HEs with staircase-like energy levels
have better performance. Fig. 3(c) shows the dependence
of η on the external load resistance, Rext. The Rext-
dependent η has been investigated in the experiment of
Ref.[12] The dotted curve includes the phonon heat cur-
rentQph, where a silicon nanowire with surface roughness
width δ = 3 nm, diameter D = 3 nm and L = 127 nm
is considered. The behavior of Qph(T,∆T ) was reported
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FIG. 2: (a) Electrical power output, (b) Seebeck-voltage as
functions of temperature bias for different ∆E values at T =
36K, ER = EF + 4Γ0, tℓ,j = tc = 1Γ0 and ΓL = ΓR = Γ =
1Γ0. Q0 = Γ
2
0/h. TL = T +∆T/2 and TR = T −∆T/2.
for different diameters of silicon nanowires in our previ-
ous work [27]. The suppression of η = Pgen/(Qe,L+Qph)
due to finite Qph is expected. The maximum η occurs
at Rext ≈ 20R0, where R0 = 1/G0. Note that when
Rext → 0, we have Vth → 0, which leads to vanishingly
small Pgen. On the other hand, as Rext → ∞ we have
J → 0 and Pgen → 0. Fig. 3(d) shows η as a function
of ER at ∆E = 0.1Γ0. The maximum η occurs near
ER = EF + 5Γ0. In this case, all QD energy levels are
above EF , and the electron transport is mainly due to
thermionic process.
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FIG. 3: (a) Electron heat current QL and (b) efficiency ηL
as functions of temperature bias for different ∆E values at
KBT = 3Γ0 and ER = EF + 4Γ0. (c) ηL as functions of
Rext at KB∆T = 2Γ0, ∆E = 0.1Γ0, KBT = 3Γ0 and ER =
EF +4Γ0. (d) ηL as functions of ER at KB∆T = 2Γ0, ∆E =
0.1Γ0,KBT = 3Γ0 and Rext = 25R0. R0 = 1/G0. Other
physical parameters are tc = Γ = 1Γ0.ηc = ∆T/TL.
Heat diodes (HDs) play an important role in applica-
tions of energy harvesting [28-34]. Those designs consid-
ered three kinds of heat carriers: phonons,[28-30], pho-
tons [31], and electrons [18,27]. To investigate the behav-
ior of SLNW HDs, we consider the open-circuit condition
of J = 0 [18,27] that Qe,L = −Qe,R = Qe in which the
contribution involving µL(R) is zero in Eq. (7). The rec-
tification ratio of HDs is defined as Rr =
Qe(∆T>0)
|Qe(∆T<0)|
,
where Qe(∆T > 0) and Qe(∆T < 0) are the heat cur-
rents in the forward and backward temperature bias, re-
spectively. Fig. 4(a) shows the calculated electron heat
current as a function of temperature bias, and the be-
havior of the direction-dependent electron heat current
(heat rectification) is apparent. Note that Qe is not zero
although J = 0. Under forward bias, a negative dif-
ferential thermal conductance (NDTC) is observed. To
analyze the behavior of NDTC, we examine the Seebeck
voltage (Vth) as a function of ∆T in Fig. 4(b). For sim-
plicity, let’s consider tc = 2 Γ0, which corresponds to a
narrow bandwidth case. For this case, the QD energy lev-
els are aligned (the resonant-tunneling condition) when
KB∆T = 2.5 Γ0, which corresponds to eVth = −10 Γ0
for ∆E = 0.4 Γ0. When KB∆T deviates from 2.5Γ0,
the system is driven away from the resonant condition.
This explains why the electron heat current has a peak
near KB∆T = 2.5Γ0, which leads to NDTC as KB∆T
exceeds 2.5Γ0. In Fig. 4(c), we show the electron heat
rectification ratio (Rr) as a function of ∆T . Although
the maximum Rr reaches a very high value near 60 at
tc = 2 Γ0, the heat current is very small. Good thermal
diodes also require large heat current. Thus, the cases
with tc = 3 Γ0 (red) and 4 Γ0 (blue) are better designs
than the tc = 2 Γ0 case, since the heat current is signifi-
cantly higher even though the maximum Rr is somewhat
lower. The differential thermal conductances (DTC) cor-
responding to the curves shown in Fig. 4(a) are given in
Fig. 4(d) in which very robust NDTC behavior is ob-
served. The feature of NDTC plays a remarkable role
in the design of thermal transistors.[32-34] So far, lit-
tle literature has reported NDTC resulting from electron
carriers. It is worth noting that the study of Ref.[18] does
not show the NDTC behavior for hetero-molecular junc-
tion, this may be attributed to ∆T/T not large enough.
According to the results of Fig. 4, the ratio of ∆T/T > 1
is preferred to observe the feature of NDTC.
For further optimization we calculate Qe and Rr as
functions of ∆T for various values of ER at tc = ΓL =
ΓR = 4 Γ0, KBT = 3 Γ0, and ∆E = 0.4 Γ0. The results
are shown in Fig. 5. At a given value of positive ∆T ,
Qe(∆T > 0) is suppressed with increasing ER due to the
reduction of electron population at high energy levels in
the thermionic process. In the thermal-assisted transport
process, Vth increases significantly with increasing ER
(not shown). In the cases of ER = EF + 4 Γ0 and ER =
EF + 6 Γ0, the magnitude of Vth is not enough to create
the resonant-tunneling condition for electron transport
under forward bias. Therefore, no NDTC is observed
in these two cases. In Fig. 5(b), it is seen that ηR for
ER = EF + 4 Γ0 reaches a very impressive value of 100.
However, the maximum ηR for this case is reduced to near
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10 when Qph is included (dotted curve). In the design
of semiconductor HDs with high Rr values, obviously,
the reduction of Qph is strongly required. It is expected
that the effect of phonon heat current can be reduced
in the future with the advances in nanotechnology [25].
Therefore, the HEs and HDs of SLNW with staircase-
like QD energy levels exist the promising potential in the
applications of energy harvesting.
4. Summary
In conclusion, we have theoretically investigated the
direction-dependent electrical power output and electron
heat rectification of a QD SLNW. The alignment of en-
ergy levels of QDs in the nanowire can be altered by the
temperature-bias induced Seebeck voltage which leads
to resonant tunneling for electrons in forward bias but
off-resonance in reverse bias for properly designed dis-
tribution of QD energy levels in SLNW. This provides
a physical mechanism for achieving direction-dependent
Pgen and Qe. We found that the maximum efficiency and
optimized Pgen of SLNW with staircase-like QD energy
levels are better than those of SLNW with uniform QD
energy levels. In addition, we have demonstrated that
such SLNWs have unique behavior not only in electron
heat rectification but also in NDTC, which is a key in-
gredient for the implementation of thermal logical gates
and transistors.
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